We consider the problem of computing a watchman route in a polygon with holes. We show that the problem of finding a minimum-link watchman route is NP-complete, even if the holes are all convex. The proof is based on showing that the related problem of finding a minimum-link tour on a set of points in the plane is NP-complete. We provide a provably good approximation algorithm that achieves an approximation factor of O(log n).
Introduction
The problem of finding a short watchman route according to the Euclidean metric has been extensively studied over the last ten years; see [3, 4, 5, 11, 12, 13] . In the case of guarding a polygonal domain (with "holes"), the Euclidean version of the watchman route problem is NP-hard (from Euclidean TSP) [4] , and there is an O(log n)-approximation algorithm for a rectilinear version with restricted visibility [9] . In the case of guarding a simple polygon (no holes), Chin and Ntafos [5] gave an algorithm claimed to have time complexity O(n 4 ) for the "fixed" watchman route through a specified starting point; their algorithm, as well as some of its successors, were later found to be flawed ( [8] ), and new methods were proposed (some of which were again flawed). Eventually, Tan, Hirata, and Inagaki re-established the O(n 4 ) time bound on the fixed watchman route problem, using a new dynamic programming algorithm. Most recently, Tan [12] has given an O(n 5 ) algorithm for the "floating" watchman route problem, in which no starting point is specified, building on the earlier work of Carlsson, Jonsson, and Nilsson [3] , who gave the first techniques to handle the floating case.
Here, we investigate the watchman route problem in polygonal domains, with the objective to minimize the number of links in the (polygonal) route, rather than its Euclidean length. More specifically, given a polygon P with holes (obstacles), we consider the problem of finding a minimum-link watchman route; i.e., we want to compute a minimum-link path within P such that every point of P is visible from at least one point along the route. We show that the problem of finding a minimumlink watchman route is NP-complete, and give a polynomial-time approximation algorithm with approximation factor O(log n) (where n is the number of vertices in the polygonal scene).
Alsuwaiyel and Lee [1, 2] show that if P is a simple polygon, then the minimum-link watchman route problem is NP-complete, and they give a constant-factor approximation algorithm. Their approximation algorithm does not at all apply to the case of holes (obstacles). Their hardness results would apply to the case of holes, if we allow the outer boundary of P to be complex (so that their gadgets can be constructed). However, here we allow P to be a polygon with a very simple outer boundary (it may have no outer boundary at all); for example, we allow P to be a rectangle with convex holes. Even in this case, we are able to prove that the minimum-link watchman route problem is NP-complete.
Hardness Proof
We begin by showing that the problem of covering a set of points by a minimum-link tour is NP-hard, and then reduce it to a minimum-link watchman route in a polygon with holes.
Lemma 1 Given a set of points in the plane, it is NP-complete to determine whether they can be covered by a tour of k links.
Proof. We give a reduction from the known NP-complete problem of determining whether a set of points in the plane can be covered by r lines. The Point Covering by Lines problem has been shown to be NP-complete by Megiddo and Tamir [10] . The idea of the reduction is to add additional points to the point set in such a way that covering the original points by lines will be equivalent to covering the enlarged point set by a tour.
Given an instance of the Point Covering by Lines problem, we construct an instance of the Point Covering by a Tour problem, as follows: Set k = 3r. Build the line arrangement of the point set. Clearly, we can restrict all covering lines to be lines of this arrangement. Using an affine transformation (if needed), transform the arrangement so that we can find an infinite double wedge with the property that each of the arrangement lines has two infinite rays, one in each part of the double wedge. (Thus, only a finite line segment of each line lies outside of the double wedge.) We refer to one of the wedge parts as the right wedge and the other as the left wedge. Next, we build a series of r infinite "V"s that are parallel to each other, each ray of the "V" crosses both the right and left wedges the double wedge, and they lie completely outside of the convex hul of all crossing points in the arrangement. The apices of the "V"s all lie on one side of the double wedge (say above the double wedge). The rays of the "V" are specified by k + 1 points on each ray, all on the same side of the double wedge as the apices. See Figure 1 for r = 2 and 4 original points.
We now show that the original point set can be covered by r lines if and only if the enlarged point set can be covered by a tour of k = 3r links. Given a tour of 3r links covering the enlarged point set, it is easy to see that at least 2r of the links are used to cover the new points. Removing these links yields a covering of the original point set by r or fewer line segments.
Conversely, given a covering of the original point set by r lines, we connect them into a covering tour that also covers the added points. Number the lines arbitrarily 1 to r. For i = 1, . . . , r connect line i to line i + 1 (mod r) by one of the infinite "V"s. This requires deleting an infinite part of the lines and rays, but those parts deleted do not cover any points of the of the enlarged point set, by our construction. Since for every original line in the covering, we now have three line segments, we get the desired tour.
Theorem 1 Given a polyon P with holes, it is NP-complete to determine whether there exists a watchman tour of k links. In fact, even if P is a convex polygon with convex holes, the problem is NP-complete. Proof. We use a reduction from the Point Covering by a Tour, shown to be NP-complete in the lemma above. Given an instance of the Point Covering by a Tour problem, we enclose the point set in a large rectangle. Specifically, we build the arrangement of all lines passing through pairs of points in the point set, and make sure the rectangle includes all intersection points of the lines in its interior. It is easy to see that a min-link tour cover will consist of segments that are part of the line arrangement. Our idea is simple: Build small obstacles around each point in the set, such that a watchman route that sees a small circle around the point must visit the point (or some point very close to it). Furthermore, these obstacles will not block any line segment of the arrangement. To build the desired obstacles, draw two circles around each point, of radii and 2 . These circles will be cut by at least two lines of the arrangement. Each obstacle is a trapezoid with its two non-parallel sides lying on consecutive (around the point) lines of the arrangement between the two circles. See Figure 2 . It is now easy to see that the points within the circle of radius (which are not interior to an obstacle) will not be visible to a watchman, unless the route visits this circle. For points on the boundary of the convex hull of the point set, we include only those obstacles interior to this convex hull, thus ensuring that once all points are visited, the remaining interior of the rectangle (namely the rectangle minus the convex hull of the point set) is visible.
We have thus argued that a watchman route must "visit" all points in the point set. By visit we mean the tour contains points with the ball around the point. Such a tour can be perturbed to visit the point itself, without increasing the number of links. It can be shown that a covering tour yields a watchman tour that sees the entire interior of the rectangle.
An Approximation Algorithm
Theorem 2 There exists a polynomial-time algorithm to compute an O(log n)-approximation for the minimum-link watchman problem in a polygon P (with holes) having a total of n sides.
Proof. First, we construct the visibility graph for P ; this can be done in time O(E + n log n), where E is the number of edges in the visibility graph [7] . Next, we construct the arrangement of Next, interior to each cell of this arrangement we place a viewpoint. For each viewpoint, we compute the visibility polygon within P . The boundary of each such visibility polygon consists of edges of P and of "window" segments. Let S denote the set of all window segments.
Consider any line segment σ ⊂ P , and let S σ denote the set of windows stabbed by σ. We extend σ until its endpoints reach the boundary of P ; this can only increase the set of windows stabbed by σ. Next, we rotate σ, while allowing its length to increase/decrease in order to keep its endpoints on the boundary of P , until it is "pinned" by some pair of window endpoints. The resulting segment is said to be a canonical chord of P . There are at most O(n 2 E 4 ) such canonical chords.
Let σ be a canonical chord, and let e 1 and e 2 be the two (distinct) edges on the boundary of P that contain the endpoints of σ. Then we call the set σ ∪ e 1 ∪ e 2 the H-structure associated with σ, and we denote it by H σ . Now we consider an abstract set cover problem in which the "elements" are the visibility polygons corresponding to viewpoints and the "sets" are the H-structures corresponding to the canonical chords; an "element" belongs to a "set" iff the corresponding H-structure intersects at least one window of the visibility polygon associated with the corresponding viewpoint.
The greedy set cover heuristic is known to produce a collection of sets that cover all points, such that the number of sets is at most O(log n) times that of an optimal cover [6] . We show that any set of k covering H-structures can be converted into a watchman tour having at most O(k) links. First, we connect the H-structures into a tree using no more than 2(k − 1) additional (not necessarily canonical) chords. This is easy to do, since at any intermediate step, there must be two connected components of the forest obtained so far, with each of the two components seeing a common point within P . (Since the forest "sees" all of P , the link distance between any pair of H-structures in a covering of P must be at most 2.) By doubling the resulting tree, we obtain a tour, T H , with at most 8k + 6(k − 1) = 14k − 6 = O(k) links. (The first term counts the double traversal of each H-structure and the second term accounts for the double traversal of the connections and the partitioning of some of the original chords, which need to be doubled.)
Let p * (resp., c * ) be the minimum number of chords (resp., links in a path) that illuminate all of P . Clearly c * ≤ p * . Note that any covering by chords can be converted to a covering by the same number of canonical chords. Thus c * is also the minimum number of canonical chords that illuminate P . Let c H be the number of canonical chords obtained using the set cover heuristic, and let p H be the number of links in the tour T H obtained from the H-structures corresponding to these c H chords. Finally, we have:
To complete the proof, we show that the path obtained by our heuristic "sees" the entire interior of the polygon P .
Lemma 2 Let C be a set of canonical chords that illuminate all viewpoints (i.e., intersect the visibility polygon of each viewpoint of P ). Then, the set of all H-structures that correspond to C illuminates all of P .
Proof.
Assume to the contrary that there is a point, p, that is not illuminated by the set of H-structures. Now, p lies in some cell, C, of the arrangement of extended visibility graph edges. Using a line segment, s, connect the viewpoint for cell C to the H-structure that sees it. "Slide" one endpoint of s from the viewpoint to the unseen point p, while keeping the other endpoint of s on the H-structure, while keeping s within P . This may rotate and translate the connecting segment s. We claim that the sliding described cannot "get stuck" since this would mean that the connecting segment is pinned by two vertices, and hence is part of an extension of a visibility graph edge. This in turn implies that the viewpoint and the unseen point are in different cells, contrary to our construction. Finally, the resulting segment connecting the unseen point p to the H-structure is a witness to the fact that p is seen.
